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1 Introduction

In this paper, we discuss Thurston’s inequalities for foliations on 3-manifolds, which
are closely related to Thurston-Bennequin’s inequalities for contact structures (on 3-
manifolds). They hold if the structures are convex in some sense.

As the theory of foliations and contact topology have exhibited so many similarities,
Eliashberg and Thurston [ETh| developed the theory of confoliations to clarify the reason
as well as to unify two theories to a certain extent. The relation between the above
inequalities is one of its main subjects.

The main result of this paper is to show the violation of Thurston’s inequality for
spinnable foliations (i.e., a foliation associated with an open book decomposition) under
certain conditions on the monodromy (Theorem ¢, C), as well as the (non-)vanishing
of the Euler class of the tangent bundle to those foliations (Theorem a, A, Proposition
b, B). These results are stated in §2 and proved in §3. In §4, some application to the
mapping class of the monodromy is given, by passing through the relative inequality from
the absolute one. One of the key ideas in this paper is to introduce the notion of being
(non-)skinny for the monodromy. This notion is described along the statements of the
main results. In the rest of this section we review Thurston’s inequality and some relevant

results concerning monodromy of spinnable foliations.

1.1 Thurston’s Inequality

Let F be a transversely (and therefore also tangentially) oriented codimension one folia-

tion on a closed oriented 3-manifold M. Assume that F has no Reeb components. Then
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for any embedded closed oriented surface X of genus g > 0, Thurston showed that the
following inequality holds:

Absolute Thurston’s Inequality (cf. [Th])
[(e(TF), BN < [x(E)] =29 -2,

where e(TF) denotes the Euler class of the 2-plane field TF(C TM) tangent to the
foliation F, [¥] is the homology class represented by the closed surface 3 and x(X) denotes

the Euler characteristic of 3.

This inequality can be expressed in terms of the (dual) Thurston norm ||- ||y, for homology

or || - ||rn for cohomology as follows (for these norms see [Th]) :
[(e(TF), 2)| < llzllmn (V2 € Hay(M; Z))

or equivalently
le(TF)|lrn- < 1.

We have a much more refined version of this inequality, the relative version. Let X
be any Seifert surface such that the oriented boundary L = 9% is a positive transverse
link to F w.r.t. its transverse orientation. Take any non-zero section X of the restriction
TF|Z of TF to X and let LX denote the shift of L along X|L. Consider the linking
number 1k(L, LX) between L and LX, which is also regarded as the relative Euler number
—(e(TF), >, L]) under a suitable boundary condition. Now we again assume that F has

no Reeb components. Then the relative version holds as follows.
Relative Thurston’s Inequality (cf. [Th]) 1k(L, L) < —x(X).

For the most of foliations (very likely but quite few exceptions), eventually the approval
of the relative inequality is stronger than that of the absolute one (see §4).

As is mentioned above, these inequalities have their complete analogues in contact
topology. Simply replacing T'F with an oriented contact plane field ¢ in Thurston’s
inequalities, we obtain so called Thurston-Bennequin’s inequalities for oriented contact
structures. In the contact case, because the relative inequality is definitely stronger than
the absolute one, we refer to the relative one simply as Thurston-Bennequin’s inequality.
The first contact structure for which the inequality was proven is the standard contact

structure on S3, which is due to Bennequin [B]. (In this case usually we call the inequality
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and its variants Bennequin’s inequalities.) In general, the inequality holds if and only if
the structure is tight ([B], [E]).

Bennequin first proved relative Thurston’s inequality for the standard Reeb foliation,
in order to deduce his inequality for the standard contact structure on S3. Moreover, as
is mentioned in the next subsection, now we know a lot of other foliations which satisfy
relative Thurston’s inequality, even though they have Reeb components.

We would like to begin the study of Thurston’s inequalities for foliations with Reeb
components in this paper. The main result is the wviolation of absolute Thurston’s in-
equality for a certain class of foliations. As a consequence, we see that a certain class of
diffeomorphism on a surface is isotopic neither to a product of right-handed Dehn twists
nor to that of left-handed Dehn twists.

1.2 Convergence of Contact Structures to Foliations

Now let us explain our motivation from the contact topological view point.

The phenomena of the convergence of contact structures to foliations as plane fields
were recognized and well studied in the work of confoliations [ETh] (see also [Mil]).
Especially, if a family of tight contact structures converges to a foliation, (relative as well
as absolute) Thurston’s inequality holds. Here we should remark that the converse does
not hold, i.e., there exists a family of overtwisted contact structures which converges to
the standard Reeb foliation [Mi2].

Thurston and Winkelnkemper [ThW] found a canonical way to construct a contact
structure from a spinnable structure (=an open book decomposition). It is also known
that an oriented closed 3-manifold is the boundary of a compact Stein surface if and
only if it admits a spinnable structure whose monodromy is a product of right-handed
Dehn twists ([LoP]). Combined with this, Mori’s result on Thurston-Winkelnkemper’s

construction implies the following theorem.

Theorem ([LoP], [Mo]) Suppose £ is obtained from a spinnable structure S on M with
Thurston- Winkelnkemper’s construction. Assume that the monodromy diffeomorphism
of § can be written as a product of only right-handed Dehn twists. Then Thurston-

Bennequin’s inequality holds for &.

Also a foliation, called a spinnable foliation, is naturally associated with a spinnable
structure. See the following sections for detailed construction. Thurston-Winkelnkemper’s

contact structure has an isotopic family which converges to this spinnable foliation. As



he remarked in [Mo], Mori’s result implies that Thurston’s inequalities hold for such a
spinnable foliation even though it admits Reeb components (see §4 below). Therefore,

the following problems naturally arise.

Problems 1) Determine the class of foliations with Reeb components for which absolute
Thurston’s inequality holds.

2) Determine the subclass of 1) for which relative Thurston’s inequality holds.

3) Prove the inequality for the class of 2) directly in the framework of 3-dimensional
topology, like Bennequin’s work [B], without passing through global analytic methods on
4-manifolds (e.g. moduli of pseudo-holomorphic curves, Seiberg- Witten theory etc.).

Our aim in this paper is to study a part of Problem 1) for spinnable foliations.

2 Statement of Results

Let M be a closed oriented 3-manifold. A spinnable structure (or an open book decom-
position) S = (L, F,7) on M is a fibred link L in M with a specified fibration. In
other words, the axis of a spinnable structure is an oriented link L = U;L; in M and
the spinnable structure is nothing but a fibration 7 : M — L — S which behaves
nicely near the axis. Precisely, with respect to a framing S* x D*(3 (6,z)) — N(L;)
of a tubular neighbourhood of L;, the projection w|N(L;) — L; is of the form m(0,z) =
z/lz| = w € R/Z. Then a spinnable structure can be expressed by a monodromy dif-
feomorphism ¢ : F — F as M —intN(L) = F x [0,1]/¢ where F' is the Seifert surface
F=n%0)Nn(M—intN(L)) (0 € R/Z), the front surface F x {1} is attached to the back
surface F' x {0} by ¢ : F' x {1} — F x {0}, and ¢ is assumed to be supported in intF".
Let S, denote the spinnable structure equipped with a fixed monodromy ¢.

Here we have to remark that the orientation of the link L. determines the orientations
of the normal disk D?, the base space S'(~ 0D?) and the fibre F, respectively. Then the

oriented boundary OF is parallel to L in the same direction.

2.1 Spinnable Foliations

Given a spinnable structure S,, we construct a depth one foliation F, with Reeb compo-
nents on a tubular neighbourhood R of the axis L and non-compact leaves obtained from

the fibres turbulized along the border leaves OR (see Figure 1).
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Figure 1: Spinnable Foliation

Without taking care of orientations, we might have essentially 2%7m() possibilities for
F,. Namely, for each component of L, we might have two choices to place the Reeb
component (in which direction the interior leaves are convex) and two choices for the
orientation of its meridian of the component of L along which the fibres spiral into the
border leaf. We fix a unique choice as follows. Suppose that the interior leaves of F,|R are
convex above w.r.t. the orientation of L. Then the outward normal of the border leaves
OR is positive w.r.t. the L-induced orientation of F,|R. Suppose also that this outward
normal agrees with the transverse orientation of each exterior leaf which is originally a
fibre of the spinnable structure. That is, when the outside leaves spiral around and come
closer to the border leaf, each leaf is supposed to come back slightly below the original
position w.r.t. its transverse orientation. See Figure 1 and the more precise construction

of F, in the next section. We call F,, a spinnable foliation associated with S,.

REMARK. If we place the Reeb components upside down on R, the inward normal of OR
will be positive w.r.t. the L-induced orientation. Then, assuming this inward normal to
be positive w.r.t. the exterior fibration, we have to pick up the opposite direction for the
fibres to spiral into OR. Let G, denote the resultant foliation. This second construction is
not different from the first one in the following sense. Keeping the orientation of M fixed,
we reverse the orientation of the link L. Topologically, the fibration = does not change at
all, however, the orientation and the normal orientation of the fibres are reversed. Then,

L' - F — —F. If we apply

we get a new spinnable structure with the monodromy —p~
the first construction to this new spinnable structure S_,-1, the resultant foliation F_ -

coincides with the second foliation —G, with reversed orientation. If we were to confuse



F, with G, = —F__-1, the important notions in the present article would not change
at all, e.g., the oriented 3-manifold M, the monodromy ¢ being written as a product
of right-handed Dehn twists, the vanishing of e(T'F,)(= e(17'G,)), the (dis-)approval of

absolute Thurston’s inequality for F, etc..

2.2 Results

To state the first result, we assume that the axis of a spinnable structure is connected for a
while. Therefore, as a monodromy diffeomorphism ¢, we only consider a diffeomorphism
of a once punctured compact oriented surface which fixes the boundary. It is well known
that such a diffeomorphism can be written as a product of Dehn twists up to isotopy.
Figure 2 shows a system of loops Cy, C1, . .., Cy, along which Dehn twists 7¢,’s generate
the mapping class group of the surface (see [Li] and [H]). This set of generators is called

the Dehn-Lickorish-Humphries generators (D-L-H generators, for short).

Figure 2: Dehn-Lickorish-Humphries generators

We call a diffeomorphism ¢ : F' — F' DLH-skinny w.r.t. a fixed D-L-H presentation if it

is isotopic to a product of Dehn twists along C;’s except one curve which is Cy, Cy or Cs.

Theorem a  If the monodromy diffeomorphism ¢ of a spinnable foliation F, admits a
D-L-H presentation w.r.t. which ¢ is DLH-skinny, then the Euler class e(TF,) vanishes.

This is a special case of the following generalization where OF is not necessarily connected.

The proof is given for Theorem a in the spirit of proving Theorem A.

Theorem A  Suppose that the monodromy diffeomorphism ¢ is given as a product
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p = Hiﬁ:l Ti’; of Dehn twists along simple closed curves v ’s. If vi’s satisfy the following
condition (S), the Euler class e(T'F,) of the spinnable foliation F, vanishes.

Condition (S) The curves U,y may have transverse intersections but has no triple

points, and each connected component of F' —Uklzlﬁyk contains at least one component
of OF.

We call a diffeomorphism ¢ simply skinny if ¢ satisfies the condition in Theorem A.
The condition (S) implies that one may assume the curves |J._, 75 on a fibre F x {0}
to be Legendrian w.r.?. Thurston-Winkelnkemper’s contact structure associated with S,.
Now, we return to the original setting, namely, F' has only one boundary component
and the mapping classes are generated by the D-L-H generators. Then it is clear that if
the Euler class is trivial or of finite order, absolute Thurston’s inequality trivially holds.
Therefore, it is sufficient for our purpose to consider the case where the Euler class is of
infinite order. Further, we restrict ourselves to the following situation. First let us fix a

D-L-H presentation of the mapping class of the monodromy .

Condition (i) In the fixed D-L-H presentation, the monodromy ¢ is presented as

!
(p:Té%Té‘llTé‘i'HTlgka ]0]1]37&0 (Tk:TCik7 Zk 6{5767"'729}7 k:Lal)
k=4
Namely 7¢, and 7¢, do not appear and 7¢,, 7¢,, and 7¢, do appear.

Under this condition, the generators 7¢,, 7¢, and 7¢, commute with any other generators.

Then we have the following criterion for the Euler class being of infinite order.

Proposition b Assume that the monodromy ¢ of a spinnable foliation F, satisfies the
conditions (i). Then, the Euler class e(TF,) is of infinite order if and only if the following
condition (ii) is satisfied.

1 1

1
JoJ1 3

Theorem c Assume the conditions (i) and (ii) for the monodromy ¢ of a spinnable
foliation F,. Then absolute Thurston’s inequality does not hold, i.e., there exists an
embedded closed oriented surface ¥ with |(e(TF,), [X])| > [x(2)].



In order to prove Theorem c, we will find a closed oriented surface in the exterior of the
axis on which the evaluation of the Euler class is not zero (Proposition b). Then one can
perform surgery on this surface to get another closed oriented surface with far less genus,

which shows the violation of Thurston’s inequality.

We can again generalize (the “if’ part of) Proposition b and Theorem c as follows.

Here the surface F' is allowed to have more than one boundary components.

Condition (I) (1) There exist a compact connected subsurface P of genus 0 in intF
with boundary OP = |J", vi (m > 3) and a disjoint family of simple closed curves t; ;41
(1 = 1,2,3,...,m, where m + 1 is taken as 1) such that the intersection of P and each
tiit1 @5 an arc joining v; and 7iq1.

(2) The monodromy ¢ is given as the product o =[]\, 77 - ka:mﬂ Tg:, where each 0y,
denotes a simple closed curve disjoint from P Ut o U-- Uty (k=m+1,---1).

(3) jl """ jm 7é 0.
(4) The connected component ofF—Uiﬁzm+1 0y containing P meets the boundary OF, i.e.,
there exists an arc which joins OF and P Ut o U ---Ut,, 1 without meeting Uﬁg:mﬂ O -

i 1 1
Condition (II) —+---+—=0.

J1 Jm

Proposition B Under the conditions (1), (2), and (3) of (I), e(TF,) is of infinite
order if the condition (I1) is satisfied.

Theorem C  Under the conditions (1) and (I1), absolute Thurston’s inequality does not
hold for F.,.

Conditions (i) and (I) are geometric condition to assure that the monodromy is non-
skinny (for a fixed D-L-H presentation). Conditions (ii) and (II) further assures alge-
braically that the Euler class is in fact alive. Then they all together implies the followings.

Corollary d  Conditions (i) and (ii) imply that the monodromy is not DLH-skinny for
any D-L-H presentation.

Corollary D The conditions (1) and (I1) for the monodromy ¢ implies that ¢ can not

be presented as in Theorem A.



3 Proofs

Let M be a closed oriented 3-manifold which has a spinnable structure S = (L, F, 7) with
monodromy ¢ : F' — F' and F, its spinnable foliation on M. Basically we give proofs
only for Theorem a, Proposition b, and for Theorem c¢. Therefore, we assume that L
and OF are knots in M. (Once they are understood, we believe it fairly straightforward
to generalize them to those of Theorem A, Proposition B, and of Theorem C.) We fix a
diffeomorphism M —intN (L) ~ M,,, where N(L) denotes a closed tubular neighbourhood
of the axis L and M, = F'x [0, 1]/¢ denotes the mapping torus of ¢ , so that the restricted
foliation F,,|M,, is the (twisted) product foliation {F x {w};w € R/Z}.

3.1 Spinnable Foliations around L

We will describe the structure of F,|N (L), the foliation restricted to N(L). Fix a cylin-
drical coordinate (0,r,w) € Sy x D?*(4) for N(L) ~ Sj x D?(4). Here L corresponds
to Sy x {(0,%)} (i.e., the f-axis), the pair (r,w) € [0,4] x S} is the polar coordinate
for the normal disk of radius 4, both of Sj and S! are defined as R/Z, the projection
7| (N(L) — L) corresponds to respecting w and ignoring (6,r), and the Reeb component
of F, occupies the closed tubular neighbourhood R = S; x D?(2) of radius 2. Then take

smooth decreasing functions f;(r) on [0,5) such that

fi(r)y=((=1)"+1)/2 on [0,i—1] -
{ filry=((-1)' =1)/2 on [i,5) (i=1,2,3,4)
and define vector fields
6= fl(T)% + fz(?‘)% and Q= f3(7«)% + f4(7“)%

on Sy x (0,5) x SL D N(L) — L.

Then, since the bracket [©, 2] vanishes on int N(L)—L, we obtain the foliation F,|N (L)
by integrating T'F,|(intN(L) — L) = (6,), the oriented span of © and €. Here the
boundary ON(L) and the axis L are perpendicular to F,,. Note that we can also define
the foliation F, by using a Pfaff form

o — { fo(r)dO — f1(r) fa(r)dr — f3(r)dw on N(L)
0 dw on M, ’

which satisfies ag # 0, ap A doy = 0 and ker a|(int N (L) — L) = (0, ).



3.2 Proof of Theorem a

Even though, as we will see in the next subsection, Theorem a can be proved in a much
simpler way, a geometric proof which we need to prove Theorem A is given here.

As above, suppose that F,, is obtained from a spinnable structure S = (L, F, 7) with
monodromy ¢ : F' — F. By the assumption, ¢ can be written as the product of Dehn
twists where at least one of 7¢,, 7, and 7¢, does not appear at all. Thus we can write
o= Hﬁczl 7, where 75, denotes the Dehn twist along C;, and {i1,...,4} does not contain
at least one of 0, 1 and 3. According to this expression, we divide the mapping torus M.,
into mapping cylinders of 7;,’s and consider the “telescope” (F' X I1) U, -+ Uy, (F X I))
E—1 k

[ 71
the diffeomorphism 7 : F' X T F x T( Then we have a natural diffeomorphism

My~ (Fx 1)Uy (FxI)Uy U, (FxI)/n:Fx{l} = Fx{0}

where [, = and U, denotes the operation of attaching F' x Ij to I’ x Ij4q by

where 7; identifies the two ends F' x {1} and F' x {0} of the “telescope”.

Take a non-vanishing vector field X; on the annular support of each Dehn twist 7¢;
on F which is parallel to the core curve C; (j = 0,...,2¢). Then, on the union U; =
Ujzisupp e, C F (i = 0,10r3), we define a non-vanishing vector field X on U; as the
sum of these vector fields X;’s except X;. See Figure 3 for the flow lines of X in the case

where ¢ = 0, i.e., 7¢, does not appear.

7
Qango

Cl C2 Ca C4 C5 C

2g-1

Figure 3: Flow generated by X

Since each component of ' — U; contains at least one of the boundary component
of I, the vector field X extends to a non-vanishing vector field on F'. Temporarily, we
put this vector field on each fibre F' x {w} (w € [0,1]) and then adjust it in each small

neighbourhood of F' x {%} as follows: Let ¢, denote the core curve ¢, = C;, X {%} of
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the Dehn twist 7. Then by a homotopy of vector fields, we deform the vector field X on

each fibre F' x {% + t} (—e < t < € for a sufficiently small € > 0) so that the flow lines

are parallel to ¢, in a small neighbourhood N(¢;) in the mapping torus. Note that we can
deform the flow at each “crossroad” so that the resultant flow along one core of the two

crossing annuli is prior to the other. Hence the deformation can be done. See Figure 4.

signal changes

Figure 4: At “crossroads”

Thus we have a vector field at each leaf F' x {?} which is invariant under the action of

the Dehn twist 7,. Consequently, we have a non-singular vector field on M — int N(L)
tangent to each F,, = F' x {w}. Let & denote this vector field.

Note that away from the support of the Dehn twists, especially near OF x S, we can

assume that the vector field £, commutes with i In fact, on a small neighbourhood V' of
the boundary (M —intN (L)) = {(0,4,w)} we r(;ljay put &o|V = sin(27mx0)O + cos(2mx0)S2
where Y is the Euler characteristic of F'.

As we will see soon below, we have to modify & into &; in the following manner. Fix
a Riemannian metric, so that each tangent plane T,F, (p € M — intN (L)) admits an
S'-action which is nothing but the rotation of T,F,, respecting the orientation of each

leaves. £ is obtained by rotating &|F,, by —27w in the above sense, i.e.,
&V = sin 2m(w + x0)O + cos 2m(w + x0)<2.

Next let us consider a vector field £, on R tangent to F,|R. Define &|0R as

: 0 0
&|OR = —sin 27 (w + X@)% + cos 27 (w + X@)a—w.

Remark that ©|0R = 9 and Q|OR = ai Because &|0R rotates minus once along the
w

meridian S x {0} x {1}, it naturally extends to the whole of R as a non-singular vector
field &, (see Figure 5).
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Figure 5: The flow induced on the border leaf for y = —3.

For example, taking a positive smooth function g(r) on (0,3) such that 27rg(r) = 1 on

(0,1] and g(r) =1 on [2,3), we may put
&|(R— L) = sin27(w + x0)O + g(r) cos 2m(w + x0)<2.

Actually, setting x = rcos2mw and y = rsin 27w on the tubular neighbourhood W =

Sy x D?*(1) of L of radius 1, we can rewrite & on W as

) 0 0 ) 0
&|W = sin 27rxﬁ£ + cos QWXea—y + fi(r)sin 2w (w + XQ)% (#0).

Finally we fill up N(L)—int R with & = sin 27 (w+x0)O +cos 2w (w+x0)€2. Apparently,
the vector fields &, & and &5 match up to each other and define a non-singular vector field

on whole of M which is tangent to F,.

3.3 Computation of e(T'F)

In order to make the arguments in the previous section clearer as well as to prepare for
the following sections, let us consider the Poincaré dual PD[e(TF)] € Hi(M;Z) to the
Euler class. Morita studied this class from the view point of crossed homomorphism on
the mapping class groups (Proposition 4.1 in [M1]. See also Proposition 5.3 in [M2] as
well). Here we give it a more elementary description directly related to Dehn twist.

Fix a vector field X tangent to the foliation F. Then, PD[e(TF)] is localized to a
neighbourhood of the set S(X) of singular points of the vector field X

For a simple closed oriented curve C on a leaf Fx with its tubular neighbourhood N (C')
in M, let | C ON(C) N Fe and m be its leaf longitude and meridian. Then performing a
Dehn surgery on C' which attaches a new meridian disk along j-l—m (j € Z) is equivalent
to cutting M along an annular neighbourhood A(C') of C' in F¢ and pasting the downside
A~ back to the upside AT (w.r.t. the transverse orientation of F) by a diffeomorphism

12



1 : A~ — AT, which is nothing but the j-th power Té of the right-handed Dehn twist
along C' on A(C'). Let M, and F, denote the resultant manifold and foliation respectively.
Assume S(X)NN(C) = (. Then we can define the rotation number p(C, X) of X|C w.r.t.
the tangent vector field C' and regard the original Poincaré dual PD[e(TF)] as an element
of the new homology H(My;Z).

Lemma 1 Under the above situation, we have
PDe(TFy)] = PDle(TF)] — jp(C, X) - [I] € Hi(My; Z).

Moreover, if p(C, X) = 0, the vector field X naturally induces a new vector field X, on

My, without new singularities.

For the proof, see the next subsection. Now, let us explain the proof of Theorem a by
this lemma. The construction of the vector field &, around the support of ¢ is explained
by the latter half of the lemma. Then, in anyway, Lemma 1 implies that we can construct
a vector field whose singular set is contained in a neighbourhood of the (connected) toral
leaf OR. Then the meridian component of PD[e(TF,)] € H;(N(L) — intR;Z) ~ Z* is
killed by the meridian disk of R in H;(R;Z) and the longitudinal component is killed by
F,in Hy(M—intN(L)). We could choose any integer as x in the construction of the vector
field & in the previous subsection. This fact corresponds to the first annihilation above.
We could resolve the discordance of £, and &3 by modifying &, into &;. This corresponds

to the second.

3.4 Proof of Proposition b

As is mentioned above, a mapping torus of a Dehn twist on a surface can be considered
as the result of a Dehn surgery on the core curve of the Dehn twist in the surface times
S*. Thus we have another description, the surgery description of (M, F,). Suppose that
M has a spinnable structure with the fibration M — L — S! and its monodromy ¢ can

be presented as ¢ = Hﬁczl T,f’“, where 7 is the Dehn twist along C;, . Set
M' = (F x SHU (S' x D?)

where the solid torus S' x D? 3 (6,7,w) is attached to the mapping torus of the identity
F x [0,1]/idp = F x S! by the natural identification S' x 9D* ~ S; x S ~ 9F x S*.
The (non-twisted) product foliation {F x {w};w € R/Z} extends to the trivial spinnable
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k
foliation Fiq,. Then (M,F,) is the result of the Dehn surgeries on C;, X {7} (k =

1,2,...,1) which attach new meridian disks along jy - [, — my where [, and m;, denote the
k

7 .
Now, we present (the Poincaré dual to) the Euler class e(T'F,,) for (M, F,). We orient
the loops C; (i =1,2,...,2¢) as they are depicted in Figure 6.

leaf longitude and meridian of each Cj, w.r.t. the leaf F' x

Figure 6: A basis for H,(F;Z).

Then we orient Cy so that [Cp] + [C4] + [C3] = 0. For a non-vanishing vector field X
tangent to the product foliation {F x {w}} on F x S and a smooth loop C on F, let
p(C, X) denote the rotation number of X|C' w.r.t. the tangent vector field C'.

Lemma 2 Suppose that the monodromy ¢ is presented as ¢ = szl TZ’“ where 1, =
e, (ik €{0,1,...,2g}, jr € Z—{0}, k=1,2,...,1). Then we have

PD[e(TF,)] = —;jk-p(C’ik,X)- [(J « {%H € Hy(M: 2).

1
k
Proof. It is clear that T'F,, is trivial on M — U N (C’ik X {7 }) . Let Dy, be the meridian
k=1

disk of the tubular neighbourhood of Cj, x ;

around C;, direction j; times. A non-vanishing vector field X on dDy, is a non-zero section
X) is the evaluation of e(T'F,)

k
—}. Then the boundary curve 0Dy goes

induced from the outside of Dy and therefore —ji - p(C;

k7

at Dj. This implies Lemma 2.
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Now we proceed to the proof of Proposition b. The monodromy ¢ is presented as

I
Y= Té%TéllTé% . HTng (1) = TCy, s Ik € {5,6,...,2g}, k=4,...,1)
k=4

where 7, and 7¢, do not appear. Then let P denote the subsurface of ' which is bounded
positively by Cy U C7 U C5. P is homeomorphic to a 3-punctured sphere and inherits the
orientation from F'. We will define three tori Ty, T13 and T3y in M’ as follows. Let ty;
be a loop in F' C M’ which intersects with Cy and C; once respectively and does not
intersect with the other curves C; (i # 0, 1). See Figure 7.

=—

-
t30 ( ‘ @1
'/);

/

Figure 7: The section of the tori at F'.

Then rotating ty; around L over the base S., we have a torus Ty, in M’ with Ty NF = tg;.
Similarly, we have other two tori T3 and T3 in M’. We give an orientation on 7}, so that
the normal orientation of 7}, coincides with the orientation of C; (see Figure 7).

On the surgery description, we can assume that the Dehn surgery on Cy, C; and Cj5 are
performed on the same level ' x {0}. Remove the interior of the tubular neighbourhoods
of Cp, C1 and C3 in M’ and denote the resultant 3-manifold by M”. By the abuse of
language, we also denote 7;; N M" by T;;. Take n copies of P, mg; copies of T, mas
copies of T13 and mgy copies of T3y and perform a double curve surgery on them to obtain
a surface in M"”. See Figure 8. Here n and m,,’s are integers and their signs mean the

orientations of the surfaces.

Then if the following equation has an integral solution for some non-zero integer n, then
the boundary of the resultant surface can be capped with meridian disks of the tubular
neighbourhoods of Cy, Cy and Cj in M:

n 0 Jo —Jo mis
n = _jl 0 jl ms3o . (1)
n J3 —J3 0 mo1

15



Figure 8: The double curve surgery.

Simple calculation shows that the equation (1) has an integral solution if and only if

1 1
— + — + — =0 and n is a common multiple of jy, 71, and js3. Hence the condition (ii)

égsurgsl thejgxistence of such a closed surface in M that algebraically intersects with Cy, C
and C3. This implies that the Euler class e(T'F,) is of infinite order. Especially if we take
n to be n = lem(jo, 71) (= lem(jy, j3) = lem(js, jo) > 0), the surface is connected.

To show the converse, we first calculate the Euler class precisely. We can choose the
vector field X so that the Dehn twist 7¢, preserves X for ¢ > 5. Then p(C;, X) = 0 for

7 > 5 and therefore
PDle(TF,)] = —(jopo[Col + j1p1[Ci] + Japs[Cs])  (pi = p(Cs, X),i=0,1,3).

Moreover it is easy to see that we can assume p; = 1(= —x(P)), po = ps = 0 by choosing
a suitable vector field X. Consequently we have PD[e(T'F,)|] = —j1[C1]. Let J denote

the sum 7173 + j3jo + joj1. Clearly, — + — + — = 0 if and only if J = 0 and jyj17j3 # 0.
Jo J1 J3
Thus the following lemma implies the converse.

Lemma 3 The homology class J - PD[e(TF,)] vanishes in Hy(M;Z).
Proof. Consider the following exact sequence:
H\(F;Z) “=5 H\(F,Z) — H,(M;Z).

We take [Cy], i = 1,2,3,5,..., 29 and [64] as another basis for H,(F';Z), where O, is
the oriented loop depicted in Figure 9.

16



/
Figure 9: Another basis for H,(F;Z).

Note that C, is isotopic to Ty and [Cy] = 7 ,[C5). Let G denote the subgroup of
H,\(F;Z) generated by [C1], [Ca], [C5] and [Cy]. Then since neither of 7¢, nor 7¢, appears
in ¢, G is invariant by ¢,. We restrict ¢, to G. Then ¢,|G is represented as

I 1 0 Jo

0 10 0
|G = . o
ol 0 —Js 1 Jo+s
0 0 0 1
Since PDle(T'F,)] = —j1[C1] and the exactness of the above sequence, it is sufficient to

show that there exists (x1, o, T3, v4) € Z* with

— 0 71 0 Jo T
0 0 0 0 0 To
-PDle(T = = . . )
/ T Fe)) =7 0 0 —Jg3 0 Jo+s r3 |
0 0 0 0 0 Ty

that is, to show that there exists (w9, z4) € Z* with

. 1 J Jo T2
—nd = o . .
) ( 0 ) ( —J3 Jo+J3 Ty
Now the determinant of the matrix A = ( AL ) is just J. Therefore if J # 0,
—J3 Jot 73
then the inverse matrix A~! can be written as —A, where A is a 2 x 2 integer matrix.

Hence —j; A ( é ) is the desired integer vector. This implies Lemma 3.

Consequently the proof of Proposition b is completed.

3.5 Proof of Theorem c

1 1 1
Under the hypothesis of the theorem, Proposition b implies — + — + — = 0. Moreover,

Jo J1 3
we can construct a closed surface whose evaluation with e(7'F,,) is non-zero. Suppose that

17



such a closed surface S is constructed with n copies of P, mq3 copies of T3, mgy copies of
T50 and mg; copies of Ty, as in the proof of Proposition b. Then after performing double
curve surgery on (Us P) U (UpsT13) U (Unao T30) U (Upng, T01), the number of the boundary

n n n
components of the resultant surface b is equal to the sum ﬁ + — + —, because the
Jo

il 1gsl’
equation n = jomgo — jomo1, for example, implies the resultant curve on the boundary
n
component corresponding to Cy is — = m3g — myg; copies of the loop of the slope j5. Then
0

the Euler characteristic x(.9) is calculated as follows.
CramM 1. x(S) = —2m+ nx(P) + b, where m = |my3| + [mso| + [mo1|.

Proof. The Euler characteristic x(5) is equal to that of the disjoint union of the material
surfaces, i.e., |mys| + |mso| + |mo1| copies of a twice punctured torus, 7 copies of a 3-

punctured sphere, and b copies of a disk. This implies Claim 1.

On the other hand, the Euler number of T'F,|S is calculated as follows.
Cram 2. (e(TF,), [S]) = —n(= nx(P)).
Proof.  Since the Euler class can be written as PD[e(T'F,)] = —j1[C1], we have

(e(TF,), [S]) = (=nlc], [S])
= —jl(m01—m13)

-

= —’n/’
as is desired.

Now, by Claims 1 and 2, the equality |[(e(T'F,), [S])| = —x(5) holds if and only if
b = 2m. As is noted above, the number b of the boundary components of S is equal to
n n n -
the sum — 4+ — + —— and is independent from m,, m, and m,,.
Jol |l |73l
CrAM 3. The inequality b < 2m holds where the equality b = 2m actually holds for

the minimum possible m.

1 1 1
Proof. Since — + — + — =0, there is an even permutation (p, ¢, r) of (0, 1, 3) such

Jo J1 J3
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1 1
that — = — + —. For the equation (1) with n = 7, we have the general solution

el Lol gl

(mp(p Mgy, mrp) - (k, _.ﬁ + k; 2 + k)

Jq Jp

£+kD
Jp

where k is any integer. Then we have

oIm — 2(yk1+’—3+k'+

q

n n
|Jq| ‘]p‘

(1 1 1
= N|\—+—+7—
ol 1dpl  157]

= b

where the equality holds when k£ = 0. This implies Claim 3.

Claim 3 implies that (e(T'F,),[S]) = —x(S5) holds for the minimum possible m. On
F = F x{0} C M,, we can find an arc a which connects a point of ¢y and a point of OF

and int @ does not intersect with C;’s nor t,,’s. See Figure 10.

e —

Figure 10: The arc connecting to; and OF.

Then, rotating a around the base S!, we have an annulus A in M such that A =
(ANTy) U (ANIM,). By the construction, the loop AN OM,, is the meridian loop 9D?
of N(L) so that the surface A U D? is a compressing disk of the surface S. Thus we can
perform a surgery on S along this compressing disk to obtain a new closed connected
surface S’. Then we have x(S) < x(S") <0 and [S] = [S'] € Hy(M;Z). Finally, we have

(e(TF,), [5) = (e(TF,), [S])
= —x(5)
> —x(9).
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Thus the absolute inequality does not hold. This completes the proof of Theorem c.

4 The Relative Inequality

If relative Thurston-Bennequin’s inequality for a contact structure holds, then so does the
absolute one. As to Thurston’s inequality for foliations, it is not the case in general.

In our situation, the violation of the absolute inequality in fact implies that of the
relative one. In this section this is explained in §4.2 in a direct and geometric manner and
also in §4.1 by more general argument for spinnable foliations. It yields an application on

the mapping class of the monodromy, which is given in the final subsection.

4.1 Bennequin’s Lemma

Proposition 4  For spinnable foliations relative Thurston’s inequality is stronger than

the absolute one.

In this subsection we explain this Proposition. The basic idea is to pass from foliations
to contact structures. Let {&;} be a sequence of contact structures converging to a foliation
F as oriented plane fields. Therefore &;’s are isomorphic to T'F as an oriented plane
bundle, so that their Euler classes coincide. Therefore absolute Thurston’s inequality
holds if and only if absolute Thurston-Bennequin’s inequality holds for &;’s.

On the other hand, as to relative inequalities, the situation is more delicate. If &;’s
satisfy relative Thurston-Bennequin’s inequality, relative Thurston’s inequality holds for F
as well, because any transverse knot to F is also transverse to &;’s for large ¢’s. However,
even if we take ¢ large enough, it is not true in general that transverse knot to &; is
transverse to F, and in fact, there exists a sequence of over twisted contact structures
converging to a foliation which satisfies relative Thurston’s inequality. For spinnable
foliations, the situation is better. First, we know a good family of contact structures for

a spinnable foliations.

Lemma 5([Mo]) Thurston- Winkelnkemper’s contact structure associated with a spinnable

structure S, has an isotopic family which converges to the spinnable foliation F,.

Proof. Recall that Thurston-Winkelnkemper’s contact structure for the spinnable
structure on M = N(L) U F x [0, 1]/¢ is the kernel of a contact 1-form «; with

do|int F x {w} >0 (Vw € R/Z) and oy|N(L) =db + (r*/4)dw

20



where (6, r,w) is the coordinate on N(L) ~ S; x D?*(4) described in §3. Then, for the
Pfaff form «q in §3, we see that the family {(1 — t)ag + tay; t € (0,1]} of contact forms
defines an isotopic family of contact structures from Gray’s stability theorem. This family
of contact structures actually converges to the spinnable foliation.

Here is the key step of this argument.

Bennequin’s Lemma  Any positive transverse link of Thurston- Winkelnkemper’s con-
tact structure associated with a given spinnable structure S, is isotopic through a family

of transverse links to one in the mapping torus F x [0, 1]/¢ which is positively transverse
to each fibre F' x {w} (w € R/Z).

Now, let us assume that F satisfies the relative inequality. Then, &;’s also satisfy the
relative inequality and hence the absolute one as well. This implies F satisfies absolute
Thurston’s inequality.

Bennequin’s Lemma is proved essentially in the same way as in his original work (the

proof of Theorem 8 in [B]). The detail will be given in a forthcoming paper.

REMARK.  Let us take a Reeb component and another copy of it with up side down.
They are glued together along the toral boundary to be a foliation F on S? x S!. It is easy
to see that there is no Seifert surface with positive transverse boundary and therefore the
relative inequality holds, while absolute one does not hold since PD(e(TF)) = £2[S'].
The same situation also happens for the product foliation F; = {S? x *} on 5% x S*. We
know of essentially no other such examples and believe that in fact there are very few.
Practically it seems not hard to deduce the absolute inequality from the relative one in

each individual cases.

4.2 Closed Surface S and Seifert Surface X

In order to construct a Seifert surface Y which violates the relative inequality, we first
describe the closed surface S more precisely in the proof of Theorem c. Take an even
permutation (p, ¢, r) of (0, 1, 3) such that ﬁ = ﬁ + ﬁ as in the proof of Claim 3.
Then the special solution g o .

for the equation (1) roughly determines the surface S.
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On P x R/Z C M, we give S a detailed description as follows. Let us regard P
as a branched double covering over an annulus A = R/Z x [0, 1] with the branch point
(0,1/2) € A and 'H be the singular foliation on P, which is given as the pull-back of the
simple foliation on A defined by the first projection A — R/Z. Let w : P — R/Z denote
this projection composed with the branched covering. They are depicted in Figure 11,
where the outer boundary of P presents C,. and the left and the right inner boundaries
present C, and C), respectively. The surface P is divided into two pieces F, and P, as in

the figure and w; : P, — R/Z =~ C; denotes the restriction of w to P; (i = ¢, p).

Figure 11: The singular foliation H on P = P, U P,.

Then we define the surface S by setting for each w € R/Z

SnPx{wh= U =, 'w|u| U =' (0| x{w}
UE1q () vEip ()
where p;(w) denotes the set {u € R/Z;u = jyw(mod j;/n)} (i = q,p). Then SN(P xR/Z)
has 7 positive hyperbolic tangent points to the foliation F,. The surface S coincides with
(Unge Tyr) U (Up,, T7p) outside P x R/Z and has no other tangencies. Therefore we see
x(S) = —n and (e(T'F,),[S]) = —n by summing up the indices or the signed indices
of tangencies respectively. Figure 12 shows the surface S N (P x R/Z) for (jo, j1,J3) =
(—3,—6,2) and n = lem(—3, —6) = 6. Here (mg1,ma3,m30) = (0,1, —2) determines S.

The closed oriented surface S has six positive hyperbolic tangent points to F, and we see
xX(S) =—6 (genus(S)=4) and (e(TF,),[S]) = —6.

Now we modify the surface S into a Seifert surface > by using compression disks which
are transverse to the axis of S,. Like the arc a on F' used in the proof of Theorem ¢, which
connects a point on the boundary 0F and a point of the subset P U t,, Ut,, Ut,,(C F)
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D 3,
pCASH
RCASH
RCASH
CAS,

Figure 12: The surface S.

without touching the support of ¢, there also exist a mutually disjoint pair of similar
arcs a; and ay with terminal points on ¢, and {¢,, respectively. Then the arcs a; and
as trace collars of two compression disks Dy and Dy of S on M. Perform a surgery
on S along D; and D, disks to obtain a closed connected surface S”. The surface S”
contains two copies with opposite orientations of each of D; and Dy. Therefore it has
two positive elliptic tangent points and two negative elliptic ones other than n positive
hyperbolic tangencies. Choose the negative copy of Dy in S” and remove its interior from
S”. Then, we obtain a Seifert surface . §2.1 and especially Figure 1 tells its boundary
L = 0¥ = —9J(removed disc) is positively transverse to F,. Then we see that x(X) = 3—n
and —1lk(L, LX) = 1 — 7 by summing up the indices and the signed indices respectively.
Thus the Seifert surface 3 violates 1k(L, L*) < —x(2).

4.3 A Result on Mapping Classes

The violation of relative Thurston’s inequality for the above spinnable structure F,, implies
the overtwistedness of Thurston-Winkelnkemper’s contact structure associated with the

same spinnable structure S,. Moreover, as is mentioned in §1, this implies that the
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monodromy ¢ is never isotopic to a product of only right-handed Dehn twists. Note that
the conditions (i) and (ii) for S, are also satisfied for the spinnable structure S,-1 on
—M = N(L)UF x [0,1]/¢". Thus relative Thurston’s inequality does not hold for the
spinnable foliation F,-1 on —M, which is different from G, described in Remark in §2.1.
This implies that the inverse diffeomorphism ¢! is not isotopic to a product of right-
handed Dehn-twists. Therefore the original monodromy ¢ is not isotopic to a product of

left-handed Dehn twists. Thus we obtain a result on the mapping classes:

Corollary e If a spinnable structure S, satisfies the conditions (i) and (ii), the mon-

odromy map @ s isotopic neither to a product of right-handed Dehn-twists nor to a product
of left-handed Dehn-twists.

Note that if we compose ¢ with a large power of right-handed (resp. left-handed) Dehn
twist along a parallel loop of OF then we obtain a diffeomorphism isotopic to a product of
right-handed (resp. left-handed) Dehn-twists. The existence of the arc a in the proof of
Theorem c¢ or in the condition (4) of (II) in §2 forbids adding extra twists along a parallel
loop of OF.
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